We develop a wave-kinetic description of acoustic-gravity (AG) waves in the atmosphere. In our paper the high frequency spectrum of waves is described as a gas of quasi-particles. Starting from the Zakharov-type of equations, where coupling between fast and slow density perturbations is considered, we derive the corresponding wave-kinetic equations, written in terms of an appropriate Wigner function. This provides an alternative description for the nonlinear interaction between the two dispersion branches of the AG waves.
Introduction
Acoustic-gravity (AG) waves are of fundamental importance for the understanding of the Earthʼs atmosphere. They have been studied by several authors, in both linear and nonlinear regimes [1] [2] [3] [4] [5] [6] [7] .
It is well known that the AG waves have two branches, corresponding to low and high frequency modes. Waves in the lower frequency branch are usually called internal gravity waves. Their mutual interaction can be described by coupled equations similar to the acclaimed Zakharov equations [8] , which were first derived to study electrostatic turbulence in non-magnetized plasmas [9, 10] .
In a recent work [11] , we have proposed a new approach to atmospheric turbulence, based on the wave-kinetic description of the oscillation spectrum. This led to a two-fluid model of the atmosphere, similar to that first proposed by Tisza and London for turbulent superfluids, and then developed by Landau and others [12] . In this case, the two fluids are, the atmosphere itself and the gas of quasi-particles describing the wave spectrum. In this work, we had mainly focused on the destabilization of zonal flows by internal gravity waves.
Here we extend the two-fluid description of the atmospheric turbulence, by considering the nonlinear coupling between the high frequency branch of the AG waves with low frequency perturbations. In particular, we focus on the Zakharov-type of equations, as derived by [8] . The purpose of the present work is to show that wave-kinetic equations for the atmosphere can be directly derived from these Zakharov equations, thus establishing a clear link between the two different approaches. We also show that the wave-kinetic equations present some advantages with respect to the Zakharov equations, because they reveal the existence of Landau quasi-particle resonances, which play a relevant role on the coupling between high and low frequency waves.
The content of this paper is the following. In section 2 we start with the fluid equations for the atmosphere, establish the linear dispersion relations and state the Zakharov-type of equations describing the nonlinear fluid response. In section 3 we derive the corresponding wave-kinetic equation, that describes the evolution of the density correlations and of the corresponding Wigner function. In the geometric optics limit, to be specified, this equation reduces to a Vlasov equation for the high frequency quasi-particles, which are indeed a particular class of phonons. In section 4 we illustrate the interest of this new approach by deriving a nonlinear dispersion relation for the internal gravity waves, in the presence of an arbitrary turbulent spectrum. Finally, in section 5, we draw some conclusions.
Zakharov equations
The Earth atmosphere can be described by the following fluid equations, relating the velocity v, and density ρ , as
and
⎜ ⎟ ⎛ ⎝ ⎞ ⎠ where = −g g e z is the gravitational acceleration. The gas pressure P can be determined by the equation of state
where γ is the ratio between specific heats. We assume that, in equilibrium, the fluid density decays with the altitude, according to
where c s is the sound speed. The scale length of the atmosphere is therefore given by = H k 1 2 0 . We now introduce the density perturbations
, and assume that ρ ρ | | ≪ 0 . Linearizing equations (1)- (3), we can derive an evolution equation for the small perturbations, of the form 2 . We have also defined two characteristic frequencies, ω a and ω g , such that
These two frequencies define two distinct wave dispersion branches, as discussed next. The ratio between them is
. It can be assumed that the value of γ is only slightly larger than unity, thus making the two characteristic frequencies quite distinct from each other. Assuming that the density perturbations behave in space and time as
, where ω is the wave frequency and k its wavevector, we obtain the dispersion equation [3] 
This expression reveals the existence of two distinct dispersion branches, with frequencies ω ω ≃ h and ω Ω ≃ , which can be represented by the following approximate relations Waves satisfying the low frequency dispersion branch are usually called internal gravity waves. These two wave branches can be coupled nonlinearly, and a nonlinear analysis of the atmosphere equations (1)- (3) shows that the high frequency perturbations, ñ h , satisfying equation (7), can be described by the following evolution equation [8] 
h t h h s h 2 0 and the source term is determined by
Here, the low frequency variable is the current ρ = J v l l 0 . Its temporal evolution can be described by
Equations (9) and (12) can be seen as the Zakharov-type of equations describing the nonlinear coupling between the low and the high frequency branches of the AG waves in the atmosphere. This coupling is due to the ponderomotive force produced by the high frequency oscillations, as represented in equation (12) . It will be shown, in the next section, that such a coupling can also be described by an equivalent set of wavekinetic equations, where the high frequency waves are described in terms of quasi-particles.
Wave-kinetic equations
Let us go back to the wave equation for high frequency waves (9) , and derive the equivalent wave-kinetic equation, which determines the evolution of the density auto-correlations. For that purpose, let us assume with generality that the high frequency perturbations can be represented by a superposition of modes with amplitudes M k , as defined by the Fourier integral
where ω ω ≡ k ( ) satisfies a given dispersion relation, to be specified below. From equation (9), we obtain, for each frequency mode Replacing this in equation (14), we obtain where the nonlinear coupling operator is defined by
In the absence of this nonlinear coupling, equation (16) reduces to the linear dispersion relation for the high frequency branch of equation (8) . In the presence of coupling, this can be seen as a local dispersion relation, where the linear properties are slightly modified by the slowly varying current t J r ( , ) l . But it should also be noted that the nonlinear coupling introduces new effects, such as an energy transfer between the different ranges of the AG waves. These qualitative changes imply that the above description needs to be refined in order to account for this energy transfer. In particular, the amplitudes of both M k and J l will evolve slowly in time, and cannot be assumed constant. This slow time evolution can be introduced by going back to equation (14) and replace ω 2 by the operator
The total time evolution of the high frequency mode M t ( ) k can then be determined by the equation q . Note that, in general, the typical acoustic wavelengths are much larger than the height of the atmosphere, | | ≫ k k 0 , and also ≃ ′ k k . We can now use the standard Wigner-Moyal procedure, in the way described by [14] . Introducing the Wigner function for the high frequency perturbations, as
h h * and following such a proceedure, we obtain the wave-kinetic equation . It should be noticed that W reduces to a distribution function for the high frequency atmospheric phonons, in the limit of geometric optics approximation. But, in general, it can be negative and complex, when such an approximation is not valid.
The geometric optics approximation is valid when the low frequency perturbations of the medium, described by the q spectrum, have a typical scale length much larger than the high frequency oscillations described by the Wigner function W, or to be more specific, when | | ≫ | | k q . In that limit, the difference
]can be developed in series, and to the lowest order, equation (21) reduces to
where the nonlinear force F k acting on the phonons is determined by
The new quantity V k is obviously a nonlinear potential. This new equation takes the form of a kinetic Vlasov equation, which can also be established for photons in optics, and for a large class of quasi-particles in classical and quantum fluids [13] .
Stability of large scale perturbations
In order to complete the above description, we only need to state the evolution equation for the slowly varying current J t ( ) l , in terms of the Wigner function. This can easily be done by rewriting equation (12) in the form
Equations (21) and (24) are the wave-kinetic equivalent to the Zakharov equations (9) and (12), as they exactly convey the same physical information. They can provide an alternative description of the nonlinear coupling between high frequency and low frequency wave perturbations in the atmosphere. A similar approach was already used by us to describe the destabilization of zonal flows by internal gravity waves [11] .
To illustrate the interest of the present approach, we consider the case of a single low frequency mode, such that
. We also assume that the mode approximately satisfies the low frequency dispersion branch of equation (8) . This allow us to write To be consistent with such an assumption, we include the total temporal evolution of the mode J q in equation (24), varying current. In the absence of nonlinear coupling, this equation would simply reduce to the identity Ω Ω = q . Retaining the nonlinear correction, we need to determine the value of the perturbation W q . For that purpose we linearize the wave-kinetic equation (21), which leads to . This means that the nonlinear currents are always perpendicular to the perturbation wavevector, = e q ( · ) 0 q . Equation (28) determines the nonlinear dispersion of a single mode with frequency Ω and wavevector q, in the presence of an arbitrary spectrum of high frequency oscillations. We notice the appearance of a Landau resonance in the nonlinear susceptibility term, which defines a privileged channel for energy transfer between high and low frequency oscillations. This occurs when the group velocity v k of the high frequency quasi-particles become equal to the phase velocity of the low frequency oscillations.
Conclusions
We have applied the wave-kinetic description to nonlinear wave coupling in the atmosphere. We have shown that the spectrum of AG waves can be seen as a gas of quasi-particles. These quasi-particles are indeed a particular class of phonons. Starting from the Zakharov-type of equations describing the nonlinear evolution of AG waves, and using the standard Wigner-Moyal procedure, we have derived the corresponding wave-kinetic equations. We have therefore established an equivalence between the Zakharov and the wave-kinetic descriptions.
To illustrate the interest of this new formulation, we have also derived the dispersion relation of internal gravity waves in the presence of an arbitrary spectrum of high frequency atmospheric turbulence. This is formally analogous to the dispersion relation of zonal flows in a spectrum of internal gravity waves, as derived in [11] , but with a clearly distinct physical meaning. In a sense, the present paper completes the wave-kinetic description of the atmosphere, started by our previous work.
The Zakharov and the wave-kinetic approach, being nearly equivalent, can provide two complementary views of the atmospheric turbulence. In particular, the Zakharov approach seems to be more adequate for the derivation of soliton solutions. In contrast, the wake-kinetic approach explicitly states a Landau resonance between the low frequency waves and the high frequency quasi-particles. It also seems more adapted to derive nonlinear dispersion relations, and to describe the subtle dependence of the growth rates with the turbulence spectrum.
